T -semi-selfdecomposability and subclasses L m (b, Q) andL m (b, Q) of measures on complete separable metric vector spaces are introduced and basic properties are proved. In particular, we show that µ is Tsemi-selfdecomposable if and only if µ = T (µ)ν where ν is infinitely divisible and µ is operator selfdecomposable if and only if µ ∈ L 0 (b, Q) for all 0 < b < 1.
Introduction
In this article we introduce T -semi-selfdecomposable measures on complete separable metric vector spaces for an invertible continuous contracting linear operator T as a limit of subsequences of normalized partial sums of independent random variables which are not necessarily identical but infinitesimal. This notion is a natural extension of stable, semi-stable and self-decomposable measures. The classical situation is studied in [8] and for measures on finite-dimensional vector spaces this notion was considered in [9] , [10] and [18] . Here, we prove that µ is T -semi-selfdecomposable if and only if µ is (strongly) T -decomposable with an infinitely divisible co-factor which generalizes Theorem 2.1 of [9] for measures on complete separable metric vector spaces. T -decomposable measures on infinite-dimensional cases, mainly the Banach space situation was studied in [5] , [15] and [16] : we remark that the results in [15] can be extended to general vector spaces considered here with appropriate modifications.
For an one-parameter subgroup Q of continuous linear operators on a complete separable metric vector space and 0 < b < 1, we introduce the subclasses L m (b, Q) of infinitely divisible measures and the subclassesL m (b, Q) of measures on complete separable metric vector spaces. We prove basic properties of these subclasses. We also introduce the subclasses L m ([0 We recall the notion of operator selfdecomposable measures on complete separable metric vector spaces and prove that µ is operator selfdecomposable if and only if µ ∈ L 0 ([0, 1], Q). These results extend results in section 2 of [10] . It may be noted that the proofs in [9] , [10] and [18] relay on Fourier analysis on finite-dimensional vector spaces but proofs presented here apply weak convergence of probability measures, in this sense our technique is more probabilistic and general.
Preliminaries
Let E be a complete separable metric topological vector space. Let P(E) be the space of all regular Borel probability measures on E. We endow P(E) with the weak topology, a net (µ i ) in P(E) converges weakly to µ if µ i (f ) → µ(f ) for all continuous functions with compact support on E. Then P(E) with convolution is a complete separable metric topological semigroup. For µ, λ ∈ P(E), µλ denotes the convolution product of µ and λ.
Let L(E) be the space of all invertible continuous linear operators on E. For T ∈ L(E) and µ ∈ P(E),
A triangular system {λ n,j | n ≥ 1, 1 ≤ j ≤ k n } of probability measures on E is said to be infinitesimal if
for each open neighborhood U of 0. We say that a triangular system (λ n,j ) converges to λ if kn j=1 λ n,j → λ.
A probability measure µ on E is called infinitely divisible if for each n ≥ 1, there exists a µ n ∈ P(E) such that µ n n = µ.
Let I(E) be the set of all infinitely divisible measures in P(E).
A continuous convolution semigroup (c.c.s.) (µ t ) of probability measures on E is a continuous semigroup homomorphism from [0, ∞) → P(E) such that t → µ t . A probability measure µ on E is called embeddable if there exists a c.c.s. (µ t ) such that µ 1 = µ. It is easy to see that embeddable measures are infinitely divisible. We will see that the converse is true if E is strongly root compact. We recall that E is said to be strongly root compact if for every compact set C ⊂ E there exists a compact set C 0 ⊂ E such that for every n ∈ N all finite sequences {x 1 , x 2 , · · · , x n }, x n = 0, satisfying the condition
We first prove a technical lemma. On complete separable metric groups, it is known that point-wise contracting automorphisms are uniformly contracting on compact sets (see [14] ) using an elementary argument we extend the result to
Proof Let U be a neighborhood of 0 in E and ǫ > 0. Since Γ is relatively compact, there exists a compact set K such that λ(E \ K) < ǫ for all λ ∈ Γ. By Lemma 1 of [14] , there exists a N such that
We now prove the embeddability of infinitely divisible measures on E.
Proposition 1 Let E be strongly root compact and µ ∈ P(E).
Proof We closely follow the arguments of Siebert in [13] of embedding theorem and the investigations for locally compact groups (see [4] ). Let
Then by Lemma 2 of [3] , Γ is relatively compact. Let ν be a limit point of (µ n ). Then (ν k ) is relatively compact and hence the sequence of Cesaro averages (
is uniformly tight. By Proposition 7 of [17] , the support of ν generates a compact group and hence ν = δ 0 . Thus, µ n → δ 0 . Now by diagonal process and by passing to a subsequence we get that µ
for any m ≥ 1. By Lemma 3.1.30 of [4] there exists a semigroup homomorphism f :
is contained in the closure of Γ) by Theorem 3.5.1 of [4] , there exists a c.c.s.
The linear dual E * of E is the space of all continuous linear functionals on E. The following result may be seen as the generalized central limit theorem on E (see Chapter 2 of [1] ).
Theorem 1 Let µ ∈ P(E)
. Suppose E is strongly root compact and the linear dual of E separates points of E. Then the following are equivalent:
there exists an infinitesimal triangular system {µ
n,i | 1 ≤ i ≤ k n } and a sequence (x n ) in E such that i µ n,i x n → µ;
µ is infinitely divisible;

µ is embeddable in a c.c.s. (µ t ).
Remark 1 Any complete locally convex space with a countable base is a complete separable metric space which is strongly root compact (see [13] ) with separating dual. Also the space l p of sequences (x n ) such that |x i | p < ∞ for 0 < p < 1 is a complete separable metric space with separating dual. It may also be proved that l p is strongly root compact but l p is not locally convex (see [3] for more examples and details).
Proof We first show that (1) implies (2) by applying Hungarian semigroup theory of Rusza and Szekely (see [12] ). Suppose µ is a limit of an infinitesimal triangular system. Since E is a complete separable metric abelian group, P(E) is a stable Hungarian semigroup (see [12] ). We now claim that for any λ = δ x , there exists a map f :
where F (λ) is the set of factors of λ. Let λ be a non-degenerate probability measure on E. Then since the linear dual of E separates points of E, there exists a continuous linear functional φ such that φ(λλ) = 0. Then there exists a real number r such that
for any λ 1 ∈ F (λ). This shows that P(E) is a stable normable Hungarian semigroup. By Theorem 26.9 of [12] and since any element of E is infinitely divisible, µ is infinitely divisible. Proposition 1 shows that (2) implies (3). We now prove (3) implies (1). Suppose µ is embeddable in a c.c.s. (µ t ). Then for n ≥ 1 and 1 ≤ i ≤ n, let µ n,i = µ 1 n . Then i µ n,i = µ for all n ≥ 1. We also have µ 1 n → δ 0 . Thus, µ is a limit of an infinitesimal triangular system.
T -semi-selfdecomposable measures
In this section we characterize T -semi-selfdecomposable measures on topological vector spaces. We first prove the following:
Then there exists a sequence (γ i ) in P(E) and an increasing sequence (N(n)) of integers such that N(n) → ∞ and the triangular system {T n (γ i ) | 1 ≤ i ≤ N(n), n ∈ N} is infinitesimal and converges to µ.
Proof Since ν is embeddable in a c.c.s. (ν(t)), let ν n = ν( 1 n ) for all n ≥ 1. Let N(n) = n 2 . Then for each n ≥ 1 and 1 ≤ i ≤ N(n) define
]. Since (ν(t)) is a c.c.s. we have ν n → δ 0 . Since T is contracting, there exists a neighborhood V of 0 such that V ⊂ T −n (U) for all n ≥ 1. For ǫ > 0, there exists a M 0 such that
] and n ≥ 2N 1 . This implies that
] and n ≥ 2N 1 . Thus, T n γ i → δ 0 uniformly for all γ i , that is, for every neighborhood U of 0 there exists N > 0 such that T n (γ i )(E \ U) < ǫ for all n ≥ N and for all i ≥ 1. Thus, (T n (ν i )) is an infinitesimal triangular system converging to µ.
Remark 2
The result in the above proposition can be proved for any contractible locally compact group in an exactly similar way.
We say that a µ ∈ P(E) is T -semi-selfdecomposable for a T ∈ L(E) if there exists a sequence (ν i ) of probability measures on E and an increasing sequence N(n) → ∞ and a sequence (T n ) from L(E) such that (ν n,i ) is a infinitesimal triangular system with ν n,i x n → µ where ν n,i = T n (ν i ) for 1 ≤ i ≤ N(n), (x n ) is a sequence in E and
It may be noted that the map Ψ: L(E) × P(E) → P(E) defined by Ψ(T, λ) = T (λ) is sequentially continuous for all T ∈ L(E) and all λ ∈ P(E) where L(E) is equipped with the topology defined above and P(E) with weak topology. Generalizing Siebert [15] , we call a measure µ ∈ P(E) is strongly T -decomposable for a T ∈ L(E) if T (µ) is a factor of µ, that is, µ = T (µ)ν for a ν ∈ P(E) (such a ν is called corresponding co-factor) and T n (µ) → δ 0 . We now characterize T -semi-selfdecomposable measures on E (see [9] , [10] and section 3, Theorem 1 of [18] ).
Theorem 2 Let E be a complete separable metric topological vector space which is strongly root compact and the linear dual of E separates points of E.
Let µ be a probability measure on E. Let T be a contraction on E. Then the following are equivalent:
µ is strongly T -decomposable with an infinitely divisible co-factor.
for all n ≥ 1. Since λ n → µ, ρ n → T (µ). and hence λ n = ρ n σ n implies that (σ n ) is relatively compact. Thus, for any limit point ν of (σ n ), we have µ = T (µ)ν. Since ν is the limit of a infinitesimal triangular system, by Theorem 1, ν is also infinitely divisible. Since T is contracting, T n (µ) → δ 0 . Conversely, suppose µ is strongly T -decomposable with an infinitely divisible co-factor, say ν. Then by Theorem 1 ν is embeddable in a c.c.s. (ν(t) ). Now the result follows from Proposition 2.
Nested subclasses of P(E) and I(E)
In this section we introduce subclasses of P(E) and I(E) and study their basic properties that are similar to results in section 2 of [10] (see also [6] and [7] ). We assume that E is a strongly root compact complete separable metric vector space and the linear dual of E separates points of E.
On a general E, and for a continuous linear operator Q, the exponential
may not make sense. In case E is a Banach space exp(Q) is well-defined and (exp(log(t)Q)) t>0 is a one-parameter subgroup of L(E). In view of this we consider one-parameter subgroups of L(E). We recall that a one-parameter subgroup of L(E) is a continuous homomorphism f : (0, ∞) → L(E). Let L + be the set of all one-parameter subgroups (T t ) = Q such that T t (x) → 0 as t → 0 for all x ∈ E. For a > 0 and
. Our notation is inspired by the existence of unique infinitesimal generator (though it is defined only on a dense subspace) for one-parameter subgroups in L(E) when E is a Banach space (see [11] for further details).
Let 0 < b < 1, Q ∈ L + and H ⊂ P(E). A measure µ ∈ P(E) is said to be in the classK(H, b, Q) if there exist a sequence of (µ n ) in H, a sequence (a n ) of positive numbers and a subsequence (k n ) of integers such that a n a n+1 → b and a
for some sequence (x n ) in E and in addition if the system {a
The classK is studied in [2] and our results Theorem 4 and second part of Proposition 3 may be compared with results in [2] .
It follows from the definition that K(H, b, Q) ⊂K(H, b, Q) and from Theorem 1 that K(H, b, Q) ⊂ I(E).
A subset H ⊂ P(E) is said to be Q-completely closed if H is a closed subsemigroup of P(E) and a −Q µ * δ x ∈ H whenever a > 0, x ∈ E and µ ∈ H. When H ⊂ I(E), we say that H is Q-completely closed in the strong sense if H is Q-completely closed and µ in H is embeddable in an one-parameter subgroup in H. It is easy to see that I(E) is Q-completely closed in the strong sense.
Theorem 3 Let H ⊂ P(E) and Q ∈ L + . Then we have the following:
2. Suppose H is Q-completely closed in the strong sense, then the converse of (1) is also true and K(H, b, Q) is also Q-completely closed in the strong sense.
Proof We first observe that if (1) and the first part of statement (2) follow from Theorem 2 and the second part of statement (2) can be easily verified.
In a similar way we may prove
Then we have the following.
1.K(H, b, Q) is also Q-completely closed;
µ ∈K(H, b, Q) if and only if µ is strongly b
Q -decomposable with a co-factor µ b ∈ H.
For 0 < b < 1 and Q ∈ L + , we define 
Proof Since I(E) is Q-completely closed in the strong sense, thus the assertion for m = 0, follows from Theorem 3. Now the assertion follows by induction on m for 1 ≤ m < ∞.
This proves the first part. Second part can be proved in a similar way.
and for 1 ≤ m < ∞ define,
Similarly defineL m ([0, 1], Q) usingK instead of K for all 0 ≤ m ≤ ∞. A µ ∈ P(E) is said to be operator selfdecomposable with respect to Q ∈ L + if there exist a sequence (µ n ) in P(E), a sequence (x n ) in E and b n > 0 such that b n → ∞ and the triangular system {b
Then as in the one-dimensional case, we can prove that b n /b n+1 → 1 if µ = δ x for any x ∈ E. We now state another technical lemma which may be proved using Appendix 2 in [14] arguing as in Lemma 1.
Lemma 2 Let Q ∈ L + and Γ be a relatively compact subset of P(E). Then as t → 0, t Q (λ) → 0 uniformly for all λ ∈ P(E), that is for given ǫ > 0 and a neighborhood U of 0 there exists a s > 0 such that t Q (λ)(E \ U) < ǫ for all t < s.
We now obtain the equivalence between operator selfdecomposable measures and certain other subclasses.
Theorem 5 Let Q ∈ L + and µ ∈ P(E). Then the following are equivalent:
1. µ is operator selfdecomposable with respect to Q;
Proof It is easy to see that (2) implies (3). We first prove (1) implies (2). Suppose µ is operator self-decomposable. If µ = δ x for some x ∈ E, then (1) implies (2) . So, we assume µ = δ x for any x ∈ E. Then we have that bn b n+1 → 1. Now for any 0 < b < 1, there exist sequences (m k ) and (n k ) such that m k < n k such that
. This shows that ρ is infinitely divisible (by Theorem 1 ).
We now prove (3) implies (1). Suppose µ ∈L([0, 1], Q). Now for each n ≥ 1, let a n = n n+1
. Then there exists a µ n ∈ P(E) such that µ = a Q n (µ)µ n . Let b n = 1 n and ν n = (n + 1) Q (µ n ). Then (n + 1) Q (µ) = (n + 1) Q a Q n (µ)ν n = n Q (µ)ν n for all n ≥ 1. This implies that
Q (µ)) = a −Q n (µ) for all n ≥ 1. Since n+1 n → 1 and b n → 0, we get that b Q n (ν 1 ν 2 · · · ν n ) → µ. We now prove that {b Q n (ν j ) | 1 ≤ j ≤ n, n ≥ 1} is an infinitesimal triangular system. Now, for 1 ≤ j ≤ n, b Q n (ν j ) = ( j+1 n ) Q (µ j ). For 1 ≤ j ≤ √ n, j+1 n → 0. Also, Since µ = a Q n (µ)µ n and a n → 1, we get that µ n → δ 0 . Thus, by Lemma 2, for ǫ > 0 and for a neighborhood U of 0, there exists a M 1 such that b Q n (ν j )(E \ U) < ǫ for all n ≥ M 1 and all j ≤ √ n. Now for all 1 ≤ j ≤ n, j+1 n ≤ 2. Since {t Q (x) | 0 < t ≤ 2} is relatively compact, by uniform boundedness principle, {t Q | 0 < t ≤ 2} is equicontinuous. Let U be any neighborhood of 0 and ǫ > 0. Let V be a neighborhood of 0 such that t Q (V ) ⊂ U. Since µ n → δ 0 , there exists a M 2 such that µ n (E \ V ) < ǫ for all n ≥ M 2 . This implies that t Q (µ n (E \ U)) ≤ µ n (E \ V ) < ǫ for all n ≥ M 2 and for all 0 < t ≤ 2. Thus, for n ≥ M 
